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1. INTRODUCTION 
The Bernstein operator B, defined by 
B,(f)(x) =i f (x> bnkb), 
k=O 
where b,&(X) = (;) x”( 1 - x)” ~ k, gives explicit polynomial approximants to 
any continuous function f on [0, 11. To take care of the larger class 
L, [0, I] of functionsf integrable on [0, 11, the Kantorovich operator K, 
defined by 
K,(f)(x)= t hktX) 1; (n+ 1) Xnk(t) f(t) & 
k=O 
where xnk is the characteristic function of the interval [k/(n + l), (k + l)/ 
(n + l)], can be used. In the latter case, the kernel {(n + 1) xnk} plays the 
role of “smoothing” the data functionf. In general, the Bernstein operator 
B, can be generalized to a positive linear operator L, defined by 
Ln(f )cx) = i f (x,k) nnk(x)v 
k=O 
(1) 
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where a < x,,, < . . . < x,,~ d b and &‘s are nonnegative functions in 
PC[a, b], the class of all piecewise continuous functions on [a, b], satisfy- 
ing the Korovkin condition 
W) llLn(4i) - dill [a, b] + O, i= 1, 2, 3, 
where #i(x) = 1, &(x)=x, and d3(x) = x2. 
Here and throughout, (1 IIF denotes, as usual, the supremum norm over 
F. In some situations, such as the Landau polynomial operator, the 
supremum must be taken over any closed subset of the open interval (a, b), 
and the approximation offfz C[a, b] by L,(f) would be uniform on com- 
pact subsets of (a, b), instead of the whole set [a, b] implied by condition 
(W) stated above. 
In order to generalize L, in (1) to a summation-integral operator A,, 
the family {(n + 1) xnk} used by Kantorovich may be replaced by a family 
{o,~) of not necessarily positive functions in L,(a, b), satisfying 
normalization property 
s 
b 
wnk( t) dt = 1, k = 0, . . . . n and n = 1, 2, . . . 
(I 
The operator A, now has kernel 
&I(% t) = i n”,(x) W”k(f) 
k=O 
and takes on the form 
AU)(x) = jb L(X, t)S(t) dt a 
= 
i &k(x) j-” %ktt)ftt) dt. 
k=O 0 
the 
(2) 
(3) 
This summation-integral operator can also be called a linear smoothing 
operator, since the integral kernel {w&} indeed smooths the data function 
J: The general class of operators A, includes the ones considered in 
the literature (cf. [l-3] and [5-133). In [4], we gave a fairly thorough 
treatment of the generalization of A, to functions of s variables and 
obtained both necessary and sufficient conditions on the kernel {qk} that 
guarantees convergence of (An(f)} to f: 
In this paper, we will go one step further and study the asymptotic 
properties of {A,,}. Hence, somewhat stronger conditions on {wnk} must 
be imposed and we will state these conditions in the next section. To sim- 
plify the technicality on the conditions of {w,,k}, we only consider the 
special case m,,k 20. Our main result is that under these conditions on 
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{o,~}, certain asymptotic properties of the summation operators {L,} are 
preserved by the summation-integral operators (An}. Of course, when 
Voronovskaja-type formulas are considered, the “limits” of {A,} not only 
depend on {L,} but also on {onk}. We will give explicit formulation of 
these formulas for the classical kernels {A,,,} and {onk). In particular, for 
the Kantorovich operator, where Ank = bnk and m,,k = (n + 1) X,,k, our result 
shows that the Voronovskaja formula obtained by Wali, Habib, and Kahn 
[14] is incorrect. 
2. MAIN RESULTS 
The asymptotic properties we are going to discuss in this paper can be 
classified into two categories: (i) Voronovskaja formulas, and (ii) 
asymptotic shape-preserving properties. 
We will use the standard notation, 
A;f(x), h > 0, 
to designate the mth order forward difference of the function f at x with 
increment h; that is, 
A;f(x)=AT’(A,f)(x) 
=A;:-‘(f(x+h)-f(x)). 
DEFINITION. A sequence of linear operators {P,} is said to have the mth 
order asymptotic shape-preserving property $ n”’ AT-, P,(f)(x) + fcm)(x), 
x E [a, b], for every f E Cm[a, b]. 
We first recall the following Voronovskaja formula for the Bernstein 
operator B, due to Lorentz [8]. Let f E C”‘[O, 11 where m is a positive 
even integer. Then 
B,(f)(X) - f(X) = y 2 y f”‘(X) + o(npm/*), (4) 
j-1 ix* 
where, for i = i - [i/2], [y] denotes the integer part of y, 
and d,((x) = 0 for j # i - [i/2]. In particular, if m = 2, then 
B,(f)(x)-f(x)=&x(l -x)fn(x)+o ; . 
0 
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Also, the following asymptotic shape-preserving result is implicitly con- 
tained in [8]. 
n* 4-1 B,(f)(x) -+f”(x), XE co, 11, (6) 
for every fE C*[O, 11. 
It is not surprising that other classical positive linear operators L, as 
defined in (1) may have analogous asymptotic properties as B,, but it is 
not clear if such properties are preserved by A, defined in (3). The first 
paper that dealt with this problem is [14], where the Kantorovich 
operator K, was considered, and it was claimed that, for f~ C2 [0, 11, 
K,Wf(x)=&“(x)+o ; , 0 XE [O, l]. 
We will see in this paper that this formula is incorrect. 
In general, we will assume that the operators L, satisfy certain 
asymptotic properties analogous to (4) and a formula more general than 
(6) and identify conditions on the smoothing kernel {wnk} so that the sum- 
mation-integral operators .4, also enjoy these asymptotic properties. 
Throughout this paper, we will consider the following assumptions on 
&I and bnkb 
(A) Let I and m be positive integers with 1 <m and m even. 
(i) L,(f)(x) -f(x) = i f yf(j)(x) + o(n-I), 
J=l i=l 
x E [a, b], for all j’~ C’“[u, b], where gj, i, i= 1, . . . . m, and j= 1, . . . . 1, are 
continuous functions on [a, b], 
(ii) For all f~ C’[a, b], 
n’ AL-, L,(f)(x) + f(‘)(x), x E [a, b]. 
(B) Let 1 and m be as above and o,~ > 0. 
(i) There exist functions aj,iE C[a, b], i = 1, . . . . m, and j= 1, . . . . Z, 
such that 
’ a..(x k) 
C I.r_n =o(n-[) 
j=l n’ 
for each i= 1, . . . . m. 
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(ii) max s OGkCn If-x*l>d 
c+(t) dt = o(n-‘) 
for every 6 > 0. 
We have the following results. 
THEOREM 1. Let conditions (Ai) and (B) be satisfied. Then 
x gj-s,Jx) 
(iv v)f ‘!~i~~)tx) + gj,ifx) S”‘Cx) 1 
i=m+l s=l o=i-m u=u 
x g;p;::’ a1”,1”j 
1 . ’ 
(x) fci)(x,) + o(n-‘), (8) 
XE [a, b], for all f E Cm[a, b], where g&x) = : 1, and for (i, j) # 0, 
g, j(x) =: 0 if i > m, i = 0, or j = 0. In particular, 
ndf)(x)-f(X)= i (J& tll,i(x) + Pl,i(X)) f’“(x) +o(n-‘) (9) 
i=l ’ 
for all f E C2[a, b]. 
THEOREM 2. Let conditions (Aii) and (B) be satisfied. Then 
n’d&1 L,(f)(x) +f”‘(x), 
x E [a, b], for all f E C’[a, b]. 
3. PROOF OF RESULTS 
Let f 6 PC,, b] and write 
(10) 
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where qnk(t - x,~) + 0 as t + x,& uniformly in k E [0, . . . . n]. Hence, we may 
write 
n,(f)(X) = by + f f &ktx) f’i’(xnk) 
i= 1 k=O 
X~jhW.*(f)(t-X.k)idt+R~(X), 
. a 
where 
&I(~) = kco &ktx) ; j,” %ktt)(f - X,k)m qnk(f - x,k) dt. 
Now, using the convention that an empty sum is zero and the notation 
g,= 1, we have 
Al(f)(x) - L(S)(x) - KG) 
= f i &,,(x) f”‘(&,) ; ( i T+ o(b)) 
i=l k=O * j=l 
=,$, i!l & ( ,co rink(x) f(‘)(Xnk) ((i,I(Xn*)) + o(n-‘) 
= j$l ,t, $J ( f”‘tx) @j,itx) 
+c c 
‘-j m g* [f(i)fx) aj..(x)l(~) + +-j+j)) + o(n-l) 
s=l u=l 
= c, irl ;g uifo g$ [f”‘(X) aj,,(x)p + o(n-‘) 
=j~~~~~~~o~o(~)~g/.,-“(x)/(i+“)(x)+o(n’) 
=j, t, [ jil 51 C. (I) ~~~~~ 4~iI”?(X) P’(x) 
+ F f f ( z) ;y$-$ a$1:l(x,p(x,] + o(n-I), 
i=m+l u=i--m u=u 
where (8) =: 1. Hence, it is sufficient to show that R,(x) = o(n -‘). Let 
0 < E, <n-l, and choose 6, > 0 such that 
(11) 
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for all TV [a, b] with 1 t - x,,J < 6,. On the other hand, the family 
uf-Xnk)mtzkwX”k)) is uniformly bounded by some constant M. Hence, 
writing R, = R,, + R,,> where R,, is the portion where the integral is taken 
over It - x,J 6 6, and R,z the remaining portion, we have 
I&(x)l c$p,, f A&) j-; ~,d~)lt-~,Arn dt 
. k=O 
= o(b) 
and 
IR,z(x)l <k~o~~~(x)-$l;,~,,,,, %ktt) I(t-Xnk)mbk(f-Xnk)l dt 
n ” 
d$ i &k(x),-- ~,>5 Wdt)dt=+-‘1. 
’ k=O X” n 
This completes the proof of Theorem 1. 
TO prove Theorem 2, we again use the Taylor expansion (10) with the 
error estimate (11). Then we have 
n’A:-t A,(f)(x) = .‘A;-I L,(f)(x) + S,(x) + T,,(x), 
where 
s,(X)= f f: n’A’~11,,(x)6~~k(t)~(f-x”k)idt 
i=l k=O 
and 
T,(x) =; f: nr A;+ n,(x) j-” O,k(t)~nk(t-X,k)(f-X,k)mdt. 
’ k=O a 
In view of the hypothesis (Aii), it is sufficient o prove that both S,(x) and 
T,(x) are o( 1). Now, 
sn(x)= f i i n’A~-, n,(x) [ i 9 +o(n-I)] 
i=O ’ kc0 j- 1 
nlALml L,(aj,i)(x) 
+o(n-‘)n’A~mlL,(l)(x) 1 0 =o i 
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To estimate T,(x), we again write T, = T,,, + Tn2 where T,, takes care of 
the integral over It - x,,J < 6, and Tn2 the remaining portion. Then 
and 
ITdx)l G~k;on’ld’-Iink(x)i j,rdx,,>an%(t) I(t-X,k)mI],&(t-x,k)l dt 
=- 
2 kgo n’ Id;-l nnk(x)l j,,+ ~, >d W,k(f) dt 
xn n 
=0(l). 
This completes the proof of Theorem 2. 
4. EXAMPLES 
In order that {A,} preserves the asymptotic properties (Ai) or (Aii) of 
{L,}, the kernel {onk} must satisfy both Conditions (Bi) and (Bii). We 
have shown that all the classical kernels of Bernstein, Kantorovich, 
Landau, Szasz-Mirakjan, and Rappoport satisfy these conditions, and in 
the following, we list the functions u~,~(x) in Condition (Bi). 
(1) Bernstein. For the kernel onk( t) = (n + l)(i) tk( 1 - t)“-k, with 
X nk = k/n on [0, 11, we have 
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(2) Kantorovich. For the kernel q+(t) = (n + 1) xnk(f), with 
X nk = k/n on [0, 11, we have 
aj,i(x) = 1 
[(l -xy+l -(-x)i+l]/(i+l), for j=i 
0, for j# i 
(3) Modified Kantorovich. For the kernel 
%k(t) = 
(2n -t 1)/27c, for 2xk/(2n+l)<td2x(k+1)/(2n+l) 
0, otherwise 
with x,,~ = 2xk/(2n + 1) on [IO, 2111, we have 
Orj,itx) = 
i 
n’/(i+ I), for j=i 
0, for j#i. 
(4) Landau. For the kernel 
w.k(t)=(nk~~n[ l-(3’1”)-‘[ l-(~-y]“-J[ I--(+] 
with x,~ = k/n on (0, l), we have 
for all j= 1, . . . . 1 and odd i 
aj,i(.x) = 
(i-l)! 2-‘+‘/(i/2- l)!, for j= i/2 and even i 
0 
3 otherwise. 
(5) Szasz-Mirakjan. For the kernel m&t) = (n/k!)(nt)k een’ with 
X nk = k/n on [0, 11, we have 
(6) Rappoport. For the kernel 
2n + 1 22”(n!)2 
-. 
2?l (2n+ l)! cos 
with x,,~ = 2xk/(2n + 1) on [0,2x], we have 
aj. i(X ) = 0, for all j= 1, . . . . I and odd i 
aj,i(x) = 
(i- l)! 2-i+3/(i/2 - l)!, for j= if2 and even i 
0, otherwise. 
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To form the operator A,, it is perfectly free to choose any Iznk and any 
w as long as they have the same {xnk} and are defined on the same inter- 
v$ For example, Kantorovich used bnk for II,, and we may call the 
corresponding A, Bernstein-Kantorovich operators. Similarly, Bernstein- 
Bernstein and Ssazs-Mirakjan-Kantorovich (summation-integral) 
operators have been considered in the literature (cf. [2, 10, 121). 
The most difficult one to verify is probably the Bernstein kernel. So we 
will only discuss this case. To verify condition (Bii), we recall the estimate 
bndx) G c ,(k,n)-x,>n~ LtxKCn-‘-’ 
c r 
which can be found in Lorentz [8, p. 151, where 0 < GI < 2 - ’ is arbitrary, 1 
any positive integer, and C depends only on a and 1. Hence 
n I bnk(t) dt 6 Cn-’ If-(k/n)1 an-1 
which implies (Bii). To derive the functions q,(x) in (1 ), we note that 
‘dt 
=(n+l)(;)jo(:)( -X)“““+~,u,:l)~~~k+l) 
= (;n_+,t,,h! j. (J( -i)” ‘k; >-“l’r ,f’! 
=jo(i)( -%)“(X+T)“.(t+t) (n+iu:il;...(n+2) 
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+ . . . +xi-‘+u x” (3 (-l)“(l<p,< ...;,,e”bi&” p1 -4 
X ( 
1-l . 
c Pl 
...pu ) + . . . +xi-’ Eo f (-1)” i--v+2<pl-c <puGi+ v=  v 
X c Pl . ..PI )I + o(n -‘), 1Gp1-c ... <p,Si-u 
where x = k/n. This yields the ai,i(x) in (1). 
In the following, we list four simple Voronovskaja formulas: 
(i) Bernstein-Bernstein operator. For every f~ C 2 [O, 11, 
n,(~)(x)-flx)=~[(1-2x)1’(x)+(x-x2)~(x)]+o f . 
0 
(ii) Bernstein-Kantorovich operator. For every f~ C 2 [0, I], 
K(fwf(x)=; K ) f-xf’(x)+ $$yx)] + 0 (i). 
(iii) Bernstein-Landau operator. For every f e C2[0, 11, 
(iv) Bernstein-Szasz-Mirakjan operator. For every f e C*[O, 11, 
We finally remark that our Voronovskaja formula on the 
Bernstein-Kantorovich operator (or simply Kantorovich operator) K, as 
shown in (ii) shows that formula (7) obtained by Wati, Habib, and Khan 
in [14] is incorrect. 
REFERENCES 
1. P. N. AGRAWAL AND H. S. KASANA, On simultaneous approximation by modified 
Bernstein polynomials, Boll. Un. Mat. Ital. A(6) 3 (1984) 267-273. 
2. M. BECKER AND R. J. NFSEL, Some global direct estimates for Kantorovich polynomials, 
Analysis 1 (1981), 117-127. 
60 CHUI, HE, AND HSU 
3. H. BERENS AND R. DEVORE, Quantitative Korovkin theorems for positive linear operators 
on L,-spaces, Trans. Amer. Math. Sot. 245 (1978), 349-361. 
4. C. K. CHUI, T. X. HE, AND L. C. Hsu, On a general class of multivariate linear smoothing 
operators, J. Approx. Theory 55 (1988), 3548. 
5. M. M. DERRIENNIC, Sur l’approximation de fonctions integrables sur [0, 1] par des 
polyn8mes de Bernsteins modifies, J. Approx. Theory 31 (1981), 325-343. 
6. A. HABIB, On the degree of approximation of functions by certain new Bernstein type 
polynomials, Indian J. Pure Appl. Math. 12 (1981), 882-888. 
7. L. C. Hsu, W. Z. CHEN, AND J. X. YANG, On a class of summation-integral operators 
(Abstract), to appear in Proceedings of Approximation Theory Conference at Dalian, 
People’s Republic of China, 1984. 
8. G. G. LORENTZ, “Bernstein Polynomials,” Univ. of Toronto Press, Ontario, Canada, 
1953. 
9. V. TOTIK, Approximation in L’ by Kantorovich polynomials, Acta Sci. Math. (Szeged) 
46, Nos. 14 (1983), 211-222. 
IO. V. TOTIK, Approximation by SzBsz-Mirakjan-Kantorovich operators in Lp (p > l), Ann. 
of Math. (2) 9, No. 2 (1983), 147-167. 
11. V. TOTIK, Uniform approximation by Baskakov and Meyer-KGnig and Zeller operators, 
Period. Malh. Hungar. 14 Nos. 34 (1983), 209-228. 
12. V. TOTIK, Uniform approximation by SzBsz-Mirakjan type operators, Acta Math. Hungar 
41, Nos. 3-4 (1983), 291-307. 
13. V. TOTIK, Approximation by Meyer-KSnig and Zeller type operators, Marh. Z. 182, No. 3 
(1983), 425446. 
14. A. WAFI, A. HABIB, AND H. H. KHAN, On generalized Bernstein polynomials, Indian 
J. Pure Appl. Math. 9 (1978), 867-870, and Notices Amer. Math. Sot. 25, No. 5 (1978), 
78T-B141. 
